Abstract. Let k be a field. This paper investigates the embedding dimension and codimension of Noetherian local rings arising as localizations of tensor products of k-algebras. We use results and techniques from prime spectra and dimension theory to establish an analogue of the "special chain theorem" for the embedding dimension of tensor products, with effective consequence on the transfer or defect of regularity as exhibited by the (embedding) codimension given by codim(R) := embdim(R) − dim(R).
Introduction
Throughout, all rings are commutative with identity elements, ring homomorphisms are unital, and k stands for a field. The embedding dimension of a Noetherian local ring (R, m), denoted by embdim(R), is the least number of generators of m or, equivalently, the dimension of m / m 2 as an R/ m-vector space. The ring R is regular if its Krull dimension and embedding dimensions coincide. The (embedding) codimension of R measures the defect of regularity of R and is given by the formula codim(R) := embdim(R) − dim(R). The concept of regularity was initially introduced by Krull and became prominent when Zariski showed that a local regular ring corresponds to a smooth point on an algebraic variety. Later, Serre proved that a ring is regular if and only if it has finite global dimension. This allowed to see that regularity is stable under localization and then the definition got globalized as follows: a Noetherian ring is regular if its localizations with respect to all prime ideals are regular. The ring R is a complete intersection if its m-completion is the quotient ring of a local regular ring modulo an ideal generated by a regular sequence; R is Gorenstein if its injective dimension is finite; and R is Cohen-Macaulay if the grade and height of m coincide. All these algebro-geometric notions are globalized by carrying over to localizations.
These concepts transfer to tensor products of algebras over a field under suitable assumptions. It has been proved that a Noetherian tensor product of algebras (over a field) inherits the notions of (locally) complete intersection ring, Gorenstein ring, and Cohen-Macaulay ring [7, 19, 33, 36] . In particular, a Noetherian tensor product of any two extension fields is a complete intersection ring. As to regularity and unlike the above notions, a Noetherian tensor product of two extension fields of k is not regular in general. In 1965, Grothendieck proved a positive result in case one of the two extension fields is a finitely generated separable extension [18] . Recently, we have investigated the possible transfer of regularity to tensor products of algebras over a field k. If A and B are two k-algebras such that A is geometrically regular; i.e., A ⊗ k F is regular for every finite extension F of k (e.g., A is a separable extension field over k), we proved that A⊗ k B is regular if and only if B is regular and A ⊗ k B is Noetherian [8, Lemma 2.1]. As a consequence, we established necessary and sufficient conditions for a Noetherian tensor product of two extension fields of k to inherit regularity under (pure in)separability conditions [8, Theorem 2.4] . Also, Majadas' relatively recent paper tackled questions of regularity and complete intersection of tensor products of commutative algebras via the homology theory of André and Quillen [25] . Finally, it is worthwhile recalling that tensor products of rings subject to the above concepts were recently used to broaden or delimit the context of validity of some homological conjectures; see for instance [20, 22] . Suitable background on regular, complete intersection, Gorenstein, and CohenMacaulay rings is [14, 18, 24, 26] . For a geometric treatment of these properties, we refer the reader to the excellent book of Eisenbud [15] .
Throughout, given a ring R, I an ideal of R and p a prime ideal of R, when no confusion is likely, we will denote by I p the ideal IR p of the local ring R p and by κ R (p) the residue field of R p . One of the cornerstones of dimension theory of polynomial rings in several variables is the special chain theorem, which essentially asserts that the height of any prime ideal of the polynomial ring can always be realized via a special chain of prime ideals passing by the extension of its contraction over the basic ring; namely, if R is a Noetherian ring and P is a prime ideal of
An analogue of this result for Noetherian tensor products, established in [7] , states that, for any prime ideal P of A ⊗ k B with p := P ∩ A and q := P ∩ B, we have
which also comes in the following extended form
This paper investigates the embedding dimension of Noetherian local rings arising as localizations of tensor products of k-algebras. We use results and techniques from prime spectra and dimension theory to establish satisfactory analogues of the "special chain theorem" for the embedding dimension in various contexts of tensor products, with effective consequences on the transfer or defect of regularity as exhibited by the (embedding) codimension. The paper traverses four sections along with an introduction.
In Section 2, we introduce and study a new invariant which allows to correlate the embedding dimension of a Noetherian local ring B with the fibre ring B/ m B of a local homomorphism f : A −→ B of Noetherian local rings. This enables us to provide an analogue of the special chain theorem for the embedding dimension as well as to generalize the known result that "if f is flat and A and B/ m B are regular rings, then B is regular." Section 3 is devoted to the special case of polynomial rings which will be used in the investigation of tensor products. The main result (Theorem 3.1) states that, for a Noetherian ring R and X 1 , ..., X n indeterminates over R, for any prime ideal P of R[X 1 , ..., X n ] with p := P ∩ R, we have:
and recovers a well-known result on the transfer of regularity to polynomial rings; i.e., R[X 1 , ..., X n ] is regular if and only if so is R (this result was initially proved via Serre's result on finite global dimension and Hilbert Theorem on syzygies). Then Corollary 3.3 characterizes regularity in general settings of localizations of polynomial rings and, in the particular cases of Nagata rings and Serre conjecture rings, it states that R(X 1 , ..., X n ) is regular if and only if R X 1 , ..., X n is regular if and only if R is regular.
Let A and B be two k-algebras such that A ⊗ k B is Noetherian and let P be a prime ideal of A ⊗ k B with p := P ∩ A and q := P ∩ B. Due to known behavior of tensor products of k-algebras subject to regularity (cf. [8, 18, 19, 33, 36] ), Section 4 investigates the case when A (or B) is a separable (not necessarily algebraic) extension field of k. The main result (Theorem 4.2) asserts that, if K is a separable extension field of k, then
Then, Corollary 4.5 asserts that
and hence K ⊗ k A is regular if and only if so is A. This recovers Grothendieck's result on the transfer of regularity to tensor products issued from finite extension fields [18, Lemma 6.7.4.1] .
Section 5 examines the more general case of tensor products of k-algebras with separable residue fields. The main theorem (Theorem 5.1) states that if κ B (q) is a separable extension field of k, then
recovering known results on the transfer of regularity to tensor products over perfect fields [33, Theorem 6(c) Of relevance to this study is Bouchiba, Conde-Lago, and Majadas' recent preprint [4] where the authors prove some of our results via the homology theory of André and Quillen. In the current paper, we offer direct and self-contained proofs using techniques and basic results from commutative ring theory. Early and recent developments on prime spectra and dimension theory are to be found in [3, 5, 6, 7, 29, 30, 31, 34, 35] for the special case of tensor products of k-algebras, and in [1, 11, 17, 22, 24, 26, 27] for the general case. Any unreferenced material is standard, as in [24, 26] .
Embedding dimension of Noetherian local rings
In this section, we discuss the relationship between the embedding dimensions of Noetherian local rings connected by a local ring homomorphism. To this purpose, we introduce a new invariant µ which allows to relate the embedding dimension of a local ring to that of its fibre ring. (I) denote the maximal number of elements of IB := f (I)B which are part of a minimal basis of n; that is,
It is easily seen that if x 1 , . . . , 
Proposition 2.1. Under the above notation, we have:
In particular, embdim(A) = µ A (I) + embdim(A/I).
Proof. The first statement follows easily from the following exact sequence of Lvector spaces
The second statement holds since µ A (I) = µ id A A (I).
Recall that, under the above notation, the following inequality always holds: 
In particular,
It is well known that if f is flat and both A and B/m B are regular, then B is regular. The second corollary generalizes this result to homomorphisms subject to going-down. Recall that a ring homomorphism h : R −→ S satisfies going-down (henceforth abbreviated GD) if for any pair p ⊆ q in Spec(R) such that there exists Q ∈ Spec(S) lying over q, then there exists P ∈ Spec(S) lying over p with P ⊆ Q. Any flat ring homomorphism satisfies GD. 
Corollary 2.4. Under the above notation, assume that f satisfies GD. Then:
Proof. The proof is direct via a combination of Corollary 2.2 and the known fact that dim(B) = dim(A) + dim(B/ m B).
Embedding dimension and codimension of polynomial rings
This section is devoted to the special case of polynomial rings which will be used, later, for the investigation of tensor products. The main result of this section (Theorem 3.1) settles a formula for the embedding dimension for the localizations of polynomial rings over Noetherian rings. It recovers (via Corollary 3.2) a wellknown result on the transfer of regularity to polynomial rings; that is, R[X 1 , ...., X n ] is regular if and only if so is R. Moreover, Theorem 3.1 leads to investigate the regularity of two famous localizations of polynomial rings in several variables; namely, the Nagata ring R(X 1 , X 2 , ..., X n ) and Serre conjecture ring R X 1 , X 2 , ..., X n . We show that the regularity of these two constructions is entirely characterized by the regularity of R (Corollary 3.3).
Recall that one of the cornerstones of dimension theory of polynomial rings in several variables is the special chain theorem, which essentially asserts that the height of any prime ideal P of R[X 1 , ..., X n ] can always be realized via a special chain of prime ideals passing by the extension (P ∩ R)[X 1 , ..., X n ]. This result was first proved by Jaffard in [22] and, later, Brewer, Heinzer, Montgomery and Rutter reformulated it in the following simple way ([12, Theorem 1]): Let P be a prime
.
In a Noetherian setting, this formula becomes:
where the second equality holds on account of the basic fact
The main result of this section (Theorem 3.1) features a "special chain theorem" for the embedding dimension with effective consequence on the codimension. 
Proof. We use induction on n. Assume n = 1 and let P be a prime ideal of R [X] with p := P ∩ R and r := embdim(R p ). Then p p = (a 1 , ..., a r )R p for some a 1 , ..., a r ∈ p. We envisage two cases; namely, either P is an extension of p or an upper to p. For both cases, we will use induction on r.
, then P P = 0. Next, we may assume r ≥ 1. One can easily check that the canonical ring homomorphism ϕ :
Therefore embdim R (a) p (a) = r − 1 and then, by induction on r, we obtain
A combination of (2) and (3) leads to embdim(R[X] P ) = r, as desired. 
Assume r = 0. Then P is an upper to zero with . This assumption combined with the fact
. It follows that tsa = t f g ∈ P 2 and thus
We iterate the same process to get
. So, there exists j ∈ {1, ..., n}, say j = 1, such that a := a 1 ∈ P P \ P 2 P and, a fortiori, a ∈ p p \ p 2 p . Similar arguments as in Case 1 lead to the same two formulas displayed in (2) . Therefore embdim R (a)
and then, by induction on r, we obtain
A combination of (2) and (4) leads to embdim(R[X] P ) = r + 1, as desired. Now, assume that n ≥ 2 and set
Indeed, by virtue of the case n = 1, we have
Moreover, by induction hypothesis, we get
Note that the prime ideals
Further, the fact that
So (5), (6), (7), and (8) lead to the conclusion, completing the proof of the theorem.
As a first application of Theorem 3.1, we get the next corollary on the (embedding) codimension. In particular, it recovers a well-known result on the transfer of regularity to polynomial rings (initially proved via Serre's result on finite global dimension and Hilbert Theorem on syzygies [28, Theorem 8.37] . See also [24, Theorem 171]). 
, X n ] is regular if and only if R is regular.
Theorem 3.1 allows us to characterize the regularity for two famous localizations of polynomial rings; namely, Nagata rings and Serre conjecture rings. Let R be a ring and X, X 1 , ..., X n indeterminates over R. Recall that R(X 1 , ..., X n ) = S −1 R[X 1 , ..., X n ] is the Nagata ring, where S is the multiplicative set of R[X 1 , ..., X n ] consisting of the polynomials whose coefficients generate R.
where U is the multiplicative set of monic polynomials in R [X] , and R X 1 , · · · , X n := R X 1 , ..., X n−1 X n . Then R X 1 , ..., X n is called the Serre conjecture ring and is a localization of R[X 1 , ..., X n ]. 
where S denotes the image of S via the natural
. Therefore, by (1), we obtain
and, by Theorem 3.1, we have
Now, observe that the set {Q ∩ R | Q is a prime ideal of S −1 R[X 1 , ..., X n ]} is equal to the set {p | p is a prime ideal of R such that p[X 1 , ..., X n ] ∩ S = ∅}. Therefore, (9) and (10) lead to the conclusion.
(b) Combine (a) with the fact that the extension of any prime ideal of R to R[X 1 , ..., X n ] does not meet the multiplicative sets related to the rings R(X 1 , ..., X n ) and R X 1 , ..., X n .
Embedding dimension and codimension of tensor products issued from separable extension fields
This section establishes an analogue of the "special chain theorem" for the embedding dimension of Noetherian tensor products issued from separable extension fields, with effective consequences on the transfer or defect of regularity. Namely, due to known behavior of a tensor product A ⊗ k B of two k-algebras subject to regularity (cf. [8, 18, 19, 26, 33, 36] ), we will investigate the case where A or B is a separable (not necessarily algebraic) extension field of k. Throughout, let A and B be two k-algebras such that A ⊗ k B is Noetherian and let P be a prime ideal of A ⊗ k B with p := P ∩ A and q := P ∩ B. Recall that A and B are Noetherian too; and the converse is not true, in general, even if A = B is an extension field of k (cf. [16, Corollary 3.6] or [34, Theorem 11] ). We assume familiarity with the natural isomorphisms for tensor products and their localizations as in [9, 10, 28] . In particular, we identify A and B with their respective images in A ⊗ k B and we have
Throughout this and next sections, we adopt the following simplified notation for the invariant µ:
where i : A p −→ (A ⊗ k B) P and j : B q −→ (A ⊗ k B) P are the canonical (local flat) ring homomorphisms.
Recall that A ⊗ k B is Cohen-Macaulay (resp., Gorenstein, locally complete intersection) if and only if so are A and the fibre rings κ A (p) ⊗ k B (for each prime ideal p of A) [7, 33] From [7, Proposition 2.3] and its proof, recall an analogue of the special chain theorem (recorded in (1)) for the tensor products which correlates the dimension of (A ⊗ k B) P to the dimension of its fibre rings; namely,
Our first result reformulates Proposition 2.1 and thus gives an analogue of the special chain theorem for the embedding dimension in the context of tensor products of algebras over a field. Recall that an extended form of the special chain theorem [7] states that
In this vein, notice that, via Proposition 4.1(a), we always have the following inequalities:
Let us state the main theorem of this section.
Theorem 4.2. Let K be a separable extension field of k and A a k-algebra such that K ⊗ k A is Noetherian. Let P be a prime ideal of K ⊗ k A with p := P ∩ A. Then:
The proof of this theorem requires the following two preparatory lemmas; the first of which determines a formula for the embedding dimension of the tensor product of two k-algebras A and B localized at a special prime ideal P with no restrictive conditions on A or B.
Lemma 4.3. Let A and B be two k-algebras such that A ⊗ k B is Noetherian and let P be a prime ideal of A ⊗ k B with p := P ∩ A and q := P ∩ B. Assume that P P
Proof. We proceed through two steps.
Step 1. Assume that K := B is an extension field of k. Then q = (0) and P P = p p (A p ⊗ k K) P p . Let n := embdim(A p ) and let a 1 , ..., a n be elements of p such that
.., a n 1 A p . Our argument uses induction on n. If n = 0, then A p is a field and p p = (0); hence P P = (0), whence embdim(A ⊗ k K) P = 0, as desired. Next, suppose n ≥ 1. We have P P = a 1 1 , ..., 
. By [24, Theorem 159], we obtain
We conclude, via [24, Theorem 159] , to get
Step 2. Assume that B is an arbitrary k-algebra.
is an extension field of k. So, apply Proposition 4.1 twice to get
Further, notice that
Therefore, by (12), we get
and, by the facts 0 ≤ µ P (pA p ) ≤ embdim(A p ) and µ Pp pAp⊗ k B (qB q ) ≤ µ P (qB q ), we obtain µ P (pA p ) = embdim(A p ) and µ P (qB q ) = embdim(B q ) completing the proof of the lemma via (13).
The second lemma will allow us to reduce our investigation to tensor products issued from finite extension fields. Proof. Let z 1 , ..., z t ∈ K ⊗ k A such that P = (z 1 , ..., z t ) K ⊗ k A; and for each i = 1, ..., t, let
α ij ⊗ k a j with α ij ∈ K and a j ∈ A. Let E := k α ij | i = 1, ..., t ; j = 1, ..., n i and
Now, let F be an intermediate field between E and K and Q
since Q ′ ∩ (E ⊗ k A) = Q. As above, Lemma 4.3 leads to the conclusion.
Next, we give the proof of the main theorem.
Proof of Theorem 4.2.
We proceed through three steps.
Step 1. Assume that K is an algebraic separable extension field of k. We claim that
Indeed, set 
is a field. Consequently, (K ⊗ k p) P = P P , the unique maximal ideal of (K ⊗ k A) P , proving our claim. By (15) and Lemma 4.3, we get embdim(K ⊗ k A) P = embdim(A p ).
Step 2. Assume that K is a finitely generated separable extension field of k. Let T = {x 1 , ..., x t } be a finite separating transcendence base of K over k; that is, K is algebraic separable over k(T) := k(x 1 , ..., x t ). Let S := k[T] \ {0} and notice that
, by Theorem 3.1.
Moreover, note that
is flat and hence satisfies the Going-down property;
that is, ht
Step 3. Assume that K is an arbitrary separable extension field of k. Then, by Lemma 4.4, there exists a finite extension field E of k contained in K such that (14); and by Lemma 4.4 and Step 2, we obtain
Further, as the ring extension
Next let K ⊗ k p ⊆ P 0 P 1 ... P n = P be a chain of distinct prime ideals of K ⊗ k A such that n := ht P K ⊗ k p . Let t i ∈ P i \ P i−1 for each i = 1, ..., n. One readily checks that there exists a finite extension field G of k contained in K such that, for each i = 1, ..., n,
, where
.., n. Therefore, we get the following chain of distinct prime ideals in
It follows that ht
Q ′ H⊗ k p ≥ n and then (17) yields ht 
completing the proof of the theorem.
As a direct application of Theorem 4.2, we obtain the next corollary on the (embedding) codimension which extends Grothendieck's result on the transfer of regularity to tensor products issued from finite extension fields [18, Lemma 6.7.4.1]. See also [8] . 
In particular, K ⊗ k A is regular if and only if A is regular.
Proof. Combine Theorem 4.2 and (11).
Embedding dimension and codimension of tensor products of algebras with separable residue fields
This section deals with a more general setting (than in Section 4); namely, we compute the embedding dimension of localizations of the tensor product of two k-algebras A and B at prime ideals P such that the residue field κ B (P ∩ B) is a separable extension of k. The main result establishes an analogue for an extended form of the "special chain theorem" for the Krull dimension which asserts that
As an application, we formulate the (embedding) codimension of these constructions with direct consequence on the transfer or defect of regularity.
Here is the main result of this section. 
So, we only need to prove the first equality in the theorem and, without loss of generality, we may assume that (A, n) and (B, m) are local k-algebras such that A ⊗ k B
is Noetherian, B m is a separable extension field of k, and P is a prime ideal of A ⊗ k B
with P ∩ A = n and P ∩ B = m. Similar arguments used in the proof of Lemma 4.4
show that there exists a finite extension field K of k contained in B m such that 
Next, let T :
and consider the following canonical isomorphisms of k-algebras θ 1 :
Moreover, on account of (19) and by considering the natural surjective homomor- 
Now, consider the following isomorphism of k-algebras
where, for each a ∈ A, α ∈ k(t), b ∈ B, and s ∈ S, we have
where H is a prime ideal of A [t] with H ∩ S = ∅. Therefore
Claim:
Indeed, consider the following commutative diagram (as φ = γ • i)
denotes the canonical surjection (with π • i = i) and the vertical maps are the canonical injections. Also, it is worth noting that 1 A ⊗ k φ is an isomorphism of k-algebras. Hence
It follows, via (21) , (23) , and (22) , that
yields the canonical isomorphism of local k-algebras
Moreover, consider the following commutative diagram
⊗ k π are the canonical surjective homomorphisms of k-algebras. Hence
It follows, via (24) , that As a direct application of Theorem 5.1, we obtain the next corollary on the (embedding) codimension which recovers known results on the transfer of regularity to tensor products over perfect fields [33, Theorem 6(c) ] and, more generally, to tensor products issued from residually separable extension fields [8, Theorem 2.11] . Recall that a k-algebra R is said to be residually separable, if κ R (p) is separable over k for each prime ideal p of R. 
Proof. Combine Theorem 5.1 and (18).
Note that if k is perfect, then every k-algebra is residually separable. Now, if k is an arbitrary field, one can easily provide original examples of residually separable k-algebras through localizations of polynomial rings or pullbacks [2, 13] . 
